Abstract. We prove an equivariant version of the Reeb-Thurston stability theorem for foliations invariant under an action of a discrete group.
Let G be a discrete group and µ : M × G → M a right C 1 -action of G on a connected C 1 -manifold M of dimension n without boundary. Let F be a C 1 -foliation of codimension k on M which is invariant under the action of G, i.e. for any g ∈ G the diffeomorphismĝ = µ( -, g) of M maps leaves into leaves. We will write µ(x, g) = x · g.
If L is a leaf of F , the isotropy group of L is the subgroup of G
The action of G restricts to a
. The immersion of L into M induces a continuous injection of the orbit space L/G L into the orbit space M/G.
If L is another leaf of F , the orbit spaces L/G L and L /G L are either disjoint or isomorphic over M/G, so F induces a partition of the space M/G. If the action of G is free and properly discontinuous, the orbit space M/G is a C 1 -manifold and the induced partition is the induced C 1 -foliation F /G on M/G. In general, the induced partition of M/G may be seen as a generalized foliation.
The aim of this paper is to prove a version of the Reeb-Thurston stability theorem [11, 12] for such a generalized foliation. But before we can state the theorem, we have to formalize the intuitive notion of the transversal part of the action of G.
Let L be a leaf of F and x 0 ∈ L. Denote by π is exact. Note that if x 0 is another point of L, then a path in L between x 0 and x 0 induces an isomorphism π
. Therefore we will write π G 1 (L) for the isomorphism class of the equivariant fundamental group of L.
Note that π G 1 (L) is naturally isomorphic to the fundamental group of the Borel construction L × GL EG L , where EG L is a universal G L -bundle. This follows from the facts that the action of G L on L × EG L is free and properly discontinuous and that EG L is contractible. In particular, if G L acts freely and properly discon-
Choose a transversal section T :
The holonomy of σ relative to the sections T andĝ • T defines a germ Holĝ • T,T (σ), which is an element of the group Diff 0 (R k ) of germs at 0 ∈ R k of diffeomorphisms f between open neighbourhoods of 0 in R k with f (0) = 0. We define the equivariant holonomy homomorphism of the leaf L with respect to the transversal section T • ψ. Therefore we will write
for the isomorphism class of the equivariant holonomy homomorphism of L. The group Hol
is the transversal part of the diffeomorphismĝ around L, but determined up to the choice of a homotopy class σ of a path from x 0 to x 0 · g. In fact, it is only the holonomy class of σ which matters. The geometric picture is particularly clear if the group G L has a fixed point in L, so we can choose x 0 to be that fixed point. In this case there is a splitting s :
In particular, the transversal part ofĝ may be seen as the germ Hol
is thus the contribution of the action of G to the equivariant holonomy of L. The important fact about the group G L is that it canonically acts on the holonomy covering space of the leaf L, i.e. on a covering space of L which corresponds to the kernel of the holonomy homomorphism of L. Explicitly, if χ : L → L is a holonomy covering projection, we define for any g ∈ G L and y ∈ L y · g =φ (1) ,
The subgroup
andφ is the unique lift of ϕ in L withφ(0) = y. Here [ϕ] denotes the homotopy class of the path ϕ. Since such a path is uniquely determined up to holonomy, the definition makes sense. It gives a right
We say that the action of
preserve or invert the orientation of R k .
Example 1.
(1) Let p : M → N be a submersion between connected (not necessarily Hausdorff) C 1 -manifolds without boundary, and let F be the foliation on M induced by p. Further assume that we have a
for any x ∈ M and g ∈ G. Since the leaves of F are the connected components of the fibers of p, the foliation F is invariant under the action of G. If L is a leaf of F , it is clear that both the holonomy group and also the equivariant holonomy
In particular, the action of G is leafwise separated if and only if the orbit spaces of the leaves of F are Hausdorff.
is an open surjection. Since p is a submersion, the fiber p −1 (y) is locally connected, and hence so is the fiber p
In other words, the orbit spaces of the leaves of F are isomorphic with the connected components of the fibers of p G .
(2) Let M = R 2 \ {0} and let F be given by the submersion p = pr 2 : M → R. Take G = Z and define a properly discontinuous free action of G on M by
for any (x, y) ∈ M and g ∈ G. The foliation F is invariant under this action. The induced foliation F /G on the orbit space M/G ∼ = T 2 has exactly two compact leaves. Any other leaf of F /G has both the compact leaves in its closure.
Any leaf of F has trivial fundamental group and trivial holonomy. Also, any leaf L of F with 0 ∈ p(L) has trivial isotropy group, therefore trivial equivariant fundamental group and trivial equivariant holonomy group. Now let L be the leaf { (x, 0) | x > 0 } of F . The isotropy group of L is clearly all G, and also the equivariant fundamental group and the equivariant holonomy group of L are isomorphic with Z.
This example shows that we cannot expect a stability theorem without assuming that the equivariant holonomy group of a leaf with compact orbit space is finite.
Let us now state our first theorem which expresses an equivariant version of the Reeb stability [11] :
orbit space of L is compact, and
(ii) the equivariant holonomy group of L is finite.
Then for any G-saturated open neighbourhood of L there exists a smaller G-saturated open neighbourhood of L which is a union of leaves of F with compact orbit spaces.
Remark. In the case G = 1 this theorem expresses the simplest version of the Reeb stability theorem: a compact leaf with finite holonomy group has a neighbourhood of compact leaves. The Reeb stability theorem also says that the foliation around a compact leaf L with finite holonomy group is that of a foliated bundle with the holonomy group of L as the structure group. However, the equivariant analog of this fact is not true: see Example 6 (1).
For the proof, one may try to use a suspension M × G Ω, where Ω would be a manifold with a properly discontinuous free G-action. If the equivariant holonomy group of a leaf L of F is finite, the holonomy group of the corresponding leaf of the foliation on M × G Ω would be finite. Yet, the corresponding leaf would in general not be compact, so one cannot apply the classical Reeb stability theorem to this case. Instead, we shall rather use the principal bundle associated to F . The starting point of the proof is an observation that the action of G on M lifts to an action on the principal bundle such that the bundle becomes equivariant. With this, we will be able to reduce the proof to the special case where the foliation is given by a submersion as in Example 1 (1). We shall thus first prove the theorem for this special case: 
for any x ∈ M and g ∈ G. Proof. The first part of the lemma is just a restatement of Example 1 (1) .
For the second part, we can assume without loss of generality that 
Observe first that D is open in q(L ). By Example 1 (1), q(L ) is closed in M/G and therefore D is closed in the compact K. Thus D is compact. But since the action is leafwise separated, the space q(L
Remark. The condition that the action is leafwise separated is a necessary one. For example, take M = R 2 \ {0}, and let p be the second projection. Define an action of Z on M along the fibers of p to be generated by the C 1 -diffeomorphism 1(x, y) = (x + sin(xy) 2y , y) .
The orbit spaces of the leaves in p −1 (0) are S 1 , but all the other leaves have noncompact non-Hausdorff orbit spaces.
Proof of Theorem 2.
Let n be the dimension of M and k the codimension of F . Denote by Γ k the Haefliger C 1 -groupoid [6] of germs of C 1 -diffeomorphisms between open subsets of R k . The space of objects of Γ k is R k , the space of morphisms (denoted also by Γ k ) is a non-Hausdorff C 1 -manifold and the domain and the codomain maps dom, cod : Γ k → R k are local diffeomorphisms. Let (U i , φ i ) i∈I be the maximal atlas for F . For any i ∈ I and g ∈ G, the pair (ĝ(U i ), φ i •ĝ −1 ) is also a chart for F , hence there exists a unique i · g ∈ I such that
does not depend on the choice of W . The maps b i and c i,j form a Γ k -cocycle on the open cover (U i ) i∈I of M which represents F [2, 6, 8] .
Let E = (E, p, w) be the principal Γ k -bundle over M associated to this cocycle [2, 6, 8] . We will give the construction of E explicitly to fix the notation and for convenience of the reader. The space E is the quotient of the subspace 
. This bundle is principal, so in particular for any e, e ∈ E with w(e) = w(e ) there exists a unique γ ∈ Γ k such that domγ = p(e) and γ · e = e . The space E is a C 1 -manifold so that w is a surjective local diffeomorphism and p is a submersion.
The action of G on M lifts to a right
for any γ ∈ Γ k , e ∈ E and g ∈ G with domγ = p(e). The local diffeomorphism w is equivariant and thus induces a continuous map
Since p is a submersion, it induces a foliation F on E. Let L be a leaf of F . By construction of E it follows that the set w(L ) is the underlying set of a leaf L of F , and the restriction χ = w| L : L → L is a holonomy covering projection. Let e ∈ L and x = χ (e) ∈ L . We can choose i ∈ I with x ∈ U i , φ i (x) = 0 and
, let ϕ be a path in L from x to x · g, and letφ be the unique lift of ϕ in L such thatφ(0) = e. By construction of E it follows that
and therefore, by the definition of the equivariant holonomy homomorphism, we get
This equation is the key to our result. First we will show that it implies
Therefore by the equation (2) we have e · g ∈ L , so g ∈ G L . Conversely, if g ∈ G L there exists a pathφ in L from e to e · g and thus the equation (2) gives
Since E is principal, we have Hol
The equation (2) shows also that the action of
the assumption that the action of G on M is leafwise separated implies that the action of G on E is leafwise separated.
Now choose x 0 ∈ L and e 0 ∈ w −1 (x 0 ), and let L be the leaf of F with e 0 ∈ L . Hence w(L ) is the underlying set of L and χ = w| L : L → L is a holonomy covering projection. As before, choose i 0 ∈ I with x 0 ∈ U i0 , φ i0 (x 0 ) = 0 and
and L, and the map χ · G L is an equivariant covering projection. The equation (2) now implies that the left action of the finite group
Since any leaf of F has compact orbit space, L /G L is compact and hence the orbit space L /G L of L is compact as well.
Remark. The proof works also in the C 0 -case. Note that the proof also shows that for any foliation F of codimension k on M which is invariant under a C 1 -action of a group G on M there exists a (possibly non-Hausdorff) C 1 -manifold E equipped with a C 1 -action G along the fibers of a submersion p : E → R k (i.e. E has a "simple" equivariant foliation of the form described in Lemma 3), and a surjective G-equivariant local diffeomorphism w : E → M which maps the leaves of p to the leaves of F . Moreover, the map w restricted to a leaf of p is the holonomy cover of the corresponding image leaf of F .
Let us illustrate Theorem 2 on a simple example. This action is along the fibers of the determinant map. In particular,
The kernel map Ker : L 0 → RP n−1 is a surjective submersion and Ker A·g = Ker A for any A ∈ L 0 and g ∈ G. Therefore Ker factors as
Since for any A, B ∈ L 0 with Ker A = Ker B one can find a matrix g ∈ G such that gA = B, the map f is a homeomorphism. In particular, L 0 /G is compact. The orbit spaces of the leaves of F which lie in GL n (R) are the points in R * , and the orbit space of L 0 is homeomorphic to RP n−1 . The space L 0 /G is not open in M/G. This example satisfies the conditions of Lemma 3.
(2) Let N be a connected C 1 -manifold without boundary. A family (f λ ) λ∈Λ of C 1 -diffeomorphisms of N has a compact filling if there exists a compact set K ⊂ N such that {(f n1 λ1
Observe Assume that (Θ λ ) λ∈Λ is a separated C 1 -perturbation of a family (f λ ) λ∈Λ of C 1 -diffeomorphisms of N with a compact filling. Let M = (−ε, ε) × N and let F be the foliation of codimension one on M given by the submersion pr 1 . For any λ, we have a C 1 -diffeomorphism β λ of M , given by β λ (t, x) = (t, Θ λ (t, x)), which preserves F . Let G be the group of diffeomorphisms of M generated by (β λ ) λ∈Λ . This action is leafwise separated since the perturbation is separated. Observe that a leaf L t = pr −1 1 (t) has compact orbit space for the action of G precisely if the family (Θ t λ ) λ∈Λ has a compact filling. Lemma 3 now implies that there exists 0 < δ < ε such that for any | t | ≤ δ, the family (Θ t λ ) λ∈Λ has a compact filling.
